Abstract. For an arbitrary even genus n we show that the subspace of Siegel cusp forms of weight k + n/2 generated by Ikeda lifts of elliptic cusp forms of weight 2k can be characterized by certain linear relations among Fourier coefficients. This generatizes the work of Kohnen and Kojima. We investigate the analogous subspaces of hermitian and quaternionic cusp forms.
Introduction
Ikeda [7] constructed a lifting from S 2k (SL 2 (Z)) to S k+n/2 (Sp n (Z)) for an integer k and an even integer n such that k ≡ n/2 (mod 2). He constructed a lifting that associates to an elliptic cusp form a hermitian cusp form (cf. [8] ). The author constructed a lifting that associates to an elliptic cusp form a quaternionic cusp form (cf. [23] ).
The purpose of this paper is to give a characterization of the images of these liftings by certain linear relations among Fourier coefficients.
Let us describe our results. The letter F stands for Q, an imaginary quadratic field K or a definite quaternion algebra H over Q. Let ι be the attached involution, i.e., the identity map, the complex conjugate or the main involution accordingly as F = Q, K or H. Put x * = (x ι ji ) for x = (x ij ) ∈ M n (F ). Fix a maximal order R of F .
Let G n be an algebraic group defined over Q, the group of Q-rational points of which is given by G n (Q) = α ∈ SL 2n (F ) α * 0 −1n 1n 0 α = where F = F ⊗ Q R. We denote by S κ (Γ n ) the space of holomorphic cusp forms of weight κ with respect to Γ n = G n (Q) ∩ GL 2n (R). We put λ(x) = tr(x + x * )/2 for x ∈ M n (F ). Put T n = {h ∈ S n (F ) | λ(hα) ∈ Z for α ∈ S n (R)} and denote by T + n the set of all positive definite elements of T n . For simplicity, we assume that F = Q and n is an even integer. Put D h = 2 n det h for h ∈ T is a linear map from the Kohnen plus subspace S + k+1/2 (4) to S k+n/2 (Γ n ), which on Hecke eigenforms conincides with the Ikeda lifting. We shall define similar linear maps when F = K, H (see Proposition 5.1).
Suppose that F ∈ S k+n/2 (Γ n ) has a Fourier expansion of the form
for some function c : {m ∈ N | (−1) n/2 m ≡ 0, 1 (mod 4)} → C. Kohnen and Kojima [15] showed that The author [24] considered the space of Jacobi cusp forms which satisfy certain linear relations among Fourier coefficients and showed that the space is generated by certain lifts of elliptic cusp forms. This result plays a central role in the proof of Theorem 6.3. We shall show that an analogous result holds when F = K (see Theorem 6.5).
Assume that F = H. In this case we give a conjecture that suggests the existence of a lifting generalizing the lifting constructed in [23] . If n is an even integer, then the function
is a cuspidal Hecke eigenform of weight k + 2n − 2.
Here D H is the discriminant of the quaternion algebra H. For the definition of F p,h , see §1. On the supposition of the existence of the lifting Lift n,d,k , we show that an analogous result holds (see §9).
Let us explain the contents of each chapter. In §1 we recall a precise formulation of the Ikeda liftings. Section 2 is an introduction to the theory of Maass spaces. In §3 we describe Feit's result on Siegel series. Section 4 is devoted to a technical calculation of Siegel series. In §5 we give a reformulation of the Ikeda liftings, which is a hermitian and a quaternionic modular analogue of [13, Theorem 1] . In §6 we state our main results. In §7 (resp. §8, §9), we discuss the case when F = Q (resp. F = K, F = H). The reader who has interest only in the case when F = Q can skip §3, §4, §5, §8 and §9.
Notation
Let N be the set of positive integers. Let F stand for Q, an imaginary quadratic field K or a definite quaternion algebra H over Q. Throughout this paper, let κ be an even integer and k an integer such that k ≡ [(n + 1)/2], n − 1, 0 (mod 2) accordingly as F = Q, K or H. Fix a maximal order R of F . We write ι for the identity map (resp. the complex conjugate, the main involution) of F if F = Q (resp. K, H).
Let 1 m be the identity matrix of degree m and 0 m n the zero matrix of size m × n. Put 0 m = 0 m m . Given square matrices a 1 , . . . , a m , we denote by diag[a 1 , . . . , a m ] the matrix, diagonal blocks of which are equal to a 1 , . . . , a m and all entries on the off-diagonal blocks are equal to zero. If O is an algebra provided with an involution ι , then set
, where A, B, C, D and a, b, c, d are size m and n respectively, we define α × γ by
We set e(Z) = exp(2π √ −1λ(Z)) when Z is a square matrix with entries in C. For x ∈ R, we denote by [x] the Gauss bracket of x. When p is a rational prime, we put
for x ∈ Q p . Let A be the adele ring of Q and A f the finite part of the adele ring. For an algebraic group G over Q, the group of D-valued points, where D is any Q-algebra, is denoted by G(D).
Ikeda liftings
Throughout this paper, let k and κ be positive integers such that
is an even integer. Let G n be an algebraic group defined over Q, the group of D-valued points of which is given by
We write Nrm for the reduced norm of M r (H) and put
for any Q-algebra D. The modular group is defined to be the arithmetic
The set of semi-integral matrices is defined by
and T + r is the subset of T r consisting of all positive definite matrices. Set F = F ⊗ Q R. We define the half-space of degree n by
The archimedean part G n (R) acts transitively on H n by αZ = (aZ + b)(cZ
When n = 1, we put
for an integer r and α = ( a b c d ) ∈ GL 2 (R) with det α > 0. We call a holomorphic function F on H n a cusp form of weight κ if F| κ α = F for every α ∈ Γ n and F has a Fourier expansion of the form
The space of cusp forms of weight κ is denoted by S κ (Γ n ).
Let D F be 4, the absolute value of the discriminant of K/Q or the product of rational primes p such that H ⊗ Q Q p is a division algebra accordingly as F = Q, K or H. We write Paf for the polynomial map over Q on S r (H) which satisfies Paf(1 r ) = 1 and (Paf) 2 = Nrm (see [23, Lemma 1.1] ). Let v be a place of Q and B a non-degenerate hermitian matrix of rank r with entries in
Here, let ( , ) v be the Hilbert symbol over Q v and h v the Hasse invariant (for the definition of the Hasse invariant, see [11] ). If r is an even integer, then we denote by d B the absolute value of the discriminant of the extension of Q
1/2 and f p (B) = ord p f B . When F = K, we write χ K and χ K = ⊗ v χ Kv for the primitive Dirichlet character and the character of
where we put
Suppose that h is non-degenerate. We define
where Q is the set of rational primes which divide D F .
We refer the case when F = Q, 2|n as Case I; the case when F = K, 2|n as Case II; the case when F = H or F = K, 2 ∤ n as Case III.
We know that there exists a polynomial
(see [10, 3] or Proposition 3.4). We put κ(n) = dim Q S n (F ) and
Then the following functional equations hold (cf. [9, 7, 8, 23] ).
(
Proposition 1.1 (cf. [7, 8, 23] ).
(1) Case I. Let f ∈ S 2k (SL 2 (Z)) be a normalized Hecke eigenform, the L-function of which is given by
and f
is a cusp form of weight κ.
Then the function on
is a cusp form of weight κ. (3) Case III. Let f be the one in (1) . Then the function Lift n,k (f ) on H n defined by the same formula as (2) is a cusp form of weight κ.
We omit the statement concerning the L-function of Lift n,k (f ). The reader who wishes to learn them can consult [7, 8, 23 ].
Maass spaces
We recall some basic facts about the Maass space. Put 
for some function c :
Fix S ∈ T + r . We put s = n − r and T
where S a,α = ( S Sα α * S a ) and R = {x ∈ F | 2λ(αx) ∈ Z for α ∈ R}. Put
As is well-known, the action of J n,r (R) on H n,r and the automorphy factor j κ,S (α, (Z, u)) on J n,r (R) × H n,r are defined by
for α ∈ J n,r (R). We put
Recall that a Jacobi cusp form φ of weight κ with index S is a holomorphic function on H n,r which satisfies φ| κ,S α = φ for every α ∈ Γ J n,r and which has a Fourier expansion of the form
The space of Jacobi cusp forms of weight κ and index S is denoted by J cusp κ,S (Γ J n,r ). We denote by S n,r the Schwartz-Bruhat space of M rs (F ) ⊗ Q A f . The theta function ϑ S l associated to l ∈ S n,r is defined by ϑ
Choose a complete representative Ξ(S) for
the following conditions are equivalent:
If r = n − 1, then we write Γ J n for Γ J n,n−1 and H n for H n,n−1 .
which has a Fourier expansion of the form
Proposition 2.5. The association
gives an isomorphism of J
, we define the S-th Fourier-Jacobi coefficient F S and the (S, α)-component F S,α by
(1) Case I. We denote by S + k+1/2 (4) the Kohnen plus subspace with respect to Γ 0 (4). For each f ∈ Prm 2k (1), let f * be a Hecke eigenform in S + k+1/2 (4) corresponding to f under the Shimura correspondence (cf. §7).
(2) Case II. We write S
consisting of all cusp forms, the m-th Fourier coefficient of which vanishes unless m ∈ D n . Let
Let f * be a cusp form, the m-th Fourier coefficient of which equals
For proofs of the following propositions, see the references. (1) Case II. We have
Feit's formula
Fix a prime p. We denote by F q a finite field with q elements. For a field L and a matrix
. We denote by A the matrix obtained from A by reducing modulo p for A ∈ M r (Z p ). For a non-degenerate matrix B ∈ T r,p , we define s p (B) in the follows way.
(1) Assume that F = K and ξ p = −1. Let B ∈ M r (F p 2 ) be the matrix obtained from B by reducing modulo p. Put
(2) Assume that F = K and ξ p = 1. Note that K p is isomorphic to Q p ⊕ Q p and ι corresponds to an involution (a, b) → (b, a). We can express B = (B 1 ,
(4) Assume that F = H and p / ∈ Q. Note that H p is isomorphic to M 2 (Q p ) and B can be identified with a skew-symmetric matrix over Z p of degree 2r (see [23, §2] ). We put
(5) Assume that F = H and p ∈ Q. Let L p be the unramified quadratic extension of Q p contained in H p and r p its integer ring. Let ̟ p be a generator of the maximal ideal of R p such that
is an even integer when F = H and p / ∈ Q. If F = Q and p ∈ Q, then r ≡ s p (B) (mod 2).
We shall characterize F p,h by certain polynomials when F = K, H. For the case F = Q, see [13, §3] . We put
The letter N stands for either the composition of the determinant
The following result in full generality can be found in [3, 4] .
Proposition 3.2 (cf. [4, (25)]). Let h be a non-degenerate matrix in
where we abbreviate s = s p (h). Then we have
Proof. We exclude the case that F = K and ξ p = 1, which is described in [2, Ch 6]. Let Let (g, h, λ, η, µ) be the tuple attached to h introduced in [4, (23) ]. Immediately s = h and by definition, λ ∈ {0, 1} and 2g + λ + s is equal to n or 2n according to F p is a division algebra or not. By Remark 3.1, we conclude that λ = 0 unless F = K and ξ p = −1. Following [4, (22) , (24)], we define a polynomial R(h; X) by
Suppose that F p is a division algebra. In view of [4, (25) ] and (3.2),
We can easily check that
We thus obtain (3.1). Suppose that F = H and p / ∈ Q. Since we have
in this case, (3.1) follows immediately.
Recall that we call B ∈ T r,p regular if ord p D B = 0.
Lemma 3.3. Let U ∈ T ℓ,p be regular and B ∈ T r,p an arbitrary nondegenerate matrix. The map
) of the form
. We can assume X 1 = 1 ℓ , X 2 = 0 and X 3 ∈ Y p (B), by replacing X by
X. Therefore ı is surjective and is clearly injective.
with some regular U ∈ T 2m,p and T ∈ T n−2m,p , then
(2) Assume that F p is not a division algebra. We have
Proof. Note that ord
Our assertion (1) is a consequence of Proposition 3.2 and Lemma 3.3.
Assume that F p is not a division algebra. Observing that
we can prove the assertion (2) by the same argument.
A technical lemma
We assume that F = K or H throughout this section. For ǫ ∈ {±1} and e ∈ Z, we define l e,ǫ and h e,ǫ ∈ C[X,
Put l e = l e,1 . Note that we have
Fix a prime p and h ∈ T n,p ∩GL n (F p ). Let ρ p,h be a Z-valued function on Q × such that ρ p,h (N) = ρ p,h (p ordp N ) and
where ζ p is either ξ p or 1 according to Case II or III. We consider Case II. We first assume that p and D K are coprime. We have F p,h = S ξp ( F p,h ) by virtue of (1.1). From Proposition 3.2,
Assume that ord p D h is positive. Note that
By definition and (4.1),
Assume that D K is divisible by p. We have
by Proposition 3.2 and (1.
1). If ord
We thus obtain the following lemma in Case II. The proof for Case III is almost the same. Lemma 4.1. Let h ∈ T n,p be a matrix such that ord p D h > 0. We have
Case III where G and µ extend over all elements G ∈ D p (h) and all non-negative integers respectively.
When n = 1, we know that
Proposition 4.2 (cf. [9, 17, 18] ). When n = 2, we have
Proof. We consider the case when F = H. Assume that D H is divisible by p. To simplify notation, we put v G = ord p NG and ℓ ν = l ν − pl ν−2 . By definition, we have
Owing to [23, Lemma 2.2], we assume without loss of generality that
for integers satisfying i ≥ −1 and j ≥ m.
In the former case, we choose a complete representative D p (h) which is a subset of
Notice that
Assume that i ≥ 0. Employing (4.2) and Lemma 4.1, we have
Note that ord p D h = i + 1 and
In the latter case, we take D p (h) to be a subset of Y such that
It follows from Lemma 4.1 that F p,h is equal to
G∈Dp(h)
Note that ord p D h = j + m + 1 and ǫ p (h) = m.
Linearizations of the Ikeda liftings
We suppose that F = K or H throughout this section. Put
n . By virtue of the weak approximation, we can naturally identify 
A(h)e(hZ),
where
is a linear map from S k (SL 2 (Z)) to S κ (Γ n ) which on Hecke eigenforms coincides with the lifting Lift n,k .
Proof. For each rational prime p,
p ] be a copy of the Laurent polynomial ring. Put R = ⊗ p R p .
We consider Case II. We define the polynomial L n,N ∈ R by
be a primitive form, the L-function of which is given by the product (1.3) .
It follows that L n,N = 0 if a
owing to the Ramanujan-Petersson conjecture. Lemma 4.1 yields
We conclude that D
By Definition 2.6 (2), we have lift n,k (f * ) = Lift n,k (f ) as claimed. Proposition 2.7 (1) completes the proof for Case II. The proof for Case III is exactly the same.
Main Theorem
We suppose that n is an even integer if F = Q. When F = Q, the definition of φ(d; h) is identical with that of [13] and lift n,k stands for the linear map from S + k+1/2 (4) to S k+n/2 (Γ n ) defined in [13, Corollary] . 
(1) If n = 2, then Definition 6.1 coincides with Definition 2.2 by virtue of Proposition 2.5, 2.8, 2.9 and 5.1. (2) When F = K, Ikeda [8, §17] gave the extension of Lift n,k (f ) to an automorphic form on the adele group of the unitary group U(n, n). Klosin [12] defined the Maass space on U(2, 2) in adelic language when the class number of K is an odd integer.
We prove the following theorem in §7. We prove the following theorem in §8.
Theorem 6.5. Suppose that F = K and F ∈ S κ (Γ n ) admits a Fourier expansion of the form (6.1) .
We shall use the following proposition repeatedly in §8 and §9. 
The case of Siegel modular forms
We suppose that F = Q and n is an even integer in this section. It is useful to recall certain properties of newforms for the Kohnen space before we turn to the proof of Theorem 6.3. See [22] for detail. An operator U k (a 2 ) defined by
into itself if a is a positive integer such that a and 4 −1 N have the same prime divisors (see [22] ). The space of newforms
in S + k+1/2 (N) with respect to the Petersson inner product. We denote byT (p 2 ) (resp. T (p)) the usual Hecke operator on the space of modular forms of half-integral (resp. integral) weight. Hecke eigenforms in S new,+ k+1/2 (N) bijectively correspond to primitive forms in
for every prime number p ∤ 4 −1 N and prime divisor q of 4 −1 N, then there exists a primitive form f ∈ S 2k (Γ 0 (4
for every prime number p ∤ 4 −1 N and prime divisor q of 4 −1 N.
Proof. By definition of η p (B) (see §1), we have
If p and 2D B are coprime, then η p (B) = 1. If η 2 (B) = −1, then we can observe that 2|D B . The statement follows from the Hasse principle.
Lemma 7.2. Let r be an odd positive integer and p an arbitrary rational prime. Then there exists
Proof. It suffices to prove that there exists a positive definite even integral lattice L with discriminant 2p. We equip a lattice M = Z with the quadratic form x → 2px
2 . This lattice is an even integral lattice with discriminant 2p. Let H ′ be a definite quaternion algebra over Q with discriminant p and fix a maximal order
ι . Then this is an even integral lattice with discriminant 2p. For each prime q, we define a lattice L q over Z q as follows:
q is a hyperbolic plane over Z q . The Minkowski-Hasse theorem (see [11, Theorem 4.1.2] ) shows that there exists a positive definite quadratic space V over Q such that V ⊗ Q Q q ≃ L q ⊗ Zq Q q for every rational prime q. There exists a lattice L ⊂ V such that L ⊗ Z Z q ≃ L q , which has discriminant 2p. (ii) (−1) (r+1)/2 m ≡ 0, 1 (mod 4) and
Proof. We have η p (B) = −1 by virtue of Lemma 7.1. Therefore Lemma 7.3 is a special case of [24, Lemma 5.1].
As is well-known, there exists h ∈ T + n such that D h = 1 if and only if n is divisible by 8. Therefore the following is an easy consequence of Lemma 7.2 and 7.3.
Corollary 7.4 (cf. [7, Lemma 3.4] ). We have
, F admits a Fourier expansion of the form (6.1). Let p be a rational prime and S a positive definite symmetric half-integral matrix of degree
Proof. Lemma 7.1 shows that η p (S) = −1. Lemma 7.5 is a special case of [24, §12] .
For a nonzero element a of Q p , we put ψ p (a) = 1, −1, 0 accordingly as Q p ( √ a) is Q p , an unramified quadratic extension or a ramified quadratic extension. Let l p,S,a be a polynomial defined in [24] .
Lemma 7.6. Under the notation as in Lemma 7.5 , there exists a cusp form
Proof. Note that the polynomial l q,S,a specifies as follows:
From [24, §3] we can find primitive forms f i ∈ S 2k (SL 2 (Z)) (i ∈ I) and f ′ j ∈ S 2k (Γ 0 (p)) (j ∈ J) satisfying the following conditions: k D Sa,α ) = 0 or not. We have
Put a(m) = i∈I c i (m) and a
where we abbreviate f = f p (D Sa,α ), for every (a, α) ∈ T + S . Seeking a contradiction, assume that there exists a positive integer m such that a ′ (m) = 0. As is well-known, we have ψ p ((−1) n/2 m) = 1.
We can assume that f p (m) = 0 since
For each non-negative integer f , Lemma 7.3 gives a pair (a, α) ∈ T + S such that D Sa,α = mp 2f and hence
The Ramanujan-Petersson conjecture suggests that
for all rational primes q and hence c(mq 2f ) = O(q (k−1/2)f ) for all rational primes q distinct from p. We can observe that this contradicts (7.2), replacing p with another rational prime.
Lemma 7.7. Under the notation as in Lemma 7.6 , let q be a rational prime and B a positive definite symmetric half-integral matrix of degree n − 1 such that D B = q. Then g S = g B .
The case of hermitian modular forms
Assume that F = K throughout this section. We shall prove Theorem 6.5. The proof is slightly different from that of Theorem 6.3.
Fix a place v of Q and S ∈ T + n−1 . Put W = K n−1 and W f = W ⊗ Q A f . We define the character e f : A f → C by e f (x) = p e p (x p ) for x = (x p ) ∈ A f . We write S n for the Schwartz-Bruhat space of W f .
Recall that the Weil representation of G 1 (A f ) = SL 2 (A f ) on S n , written as l → σ l, is given as follows:
1 0 ) and l ∈ S n (see [20, A3] ). Here dη is the self-dual measure of W f with respect to the pairing (ξ, η) → e f (−2λ(ξ * Sη)).
Proof. Observe that if n is an even integer, then We now prove Theorem 6.5 when F = K. Assume that
i.e., there exists a function c : D n → C such that all A(h) satisfy (6.1). Let us note that by virtue of [8, Lemma 11.1, 11.2], we can find an
Suppose that n ≡ 1 (mod 4). If we apply Proposition 6.6 to F and l = (n − 1)/2, then Proposition 2.9 (1) shows that
which proves the assertion. Suppose that n ≡ 2 (mod 4). If we apply Proposition 6.6 to F and l = (n − 2)/2, then Proposition 2.5, 2.8 and 2.9 (2) show that
and that
Suppose that n is divisible by 4. By virtue of Proposition 6.6 and the argument above, we can assume that n = 4. Take an element S ∈ T + 3 such that D S = 1. Fix α ∈ Ξ(S), a ∈ N and a prime p. Since there exists some 
By definition of φ(d; h), we have
We thus have
Since (8.1) yields
Suppose that n ≡ 3 (mod 4). We can assume that n = 3 by the same principle. Fix p such that ξ p = 1 and take S ∈ T + 2 such that D S = p (cf. [8, Lemma 13.4] ). Let q be a prime other than p. Since S ∈ T 2,q is regular, Proposition 3.4 (1), (4.1) and (8.2) yield For 0 ≤ i < p, we choose an element η i ∈ Ξ(S) such that
Fix a ∈ N. Since S is GL 2 (R p )-conjugate to We have thus completed the proof of Theorem 9.1 (2) by virtue of Proposition 2.5, 2.8, 2.9 (3) and (9.1).
Let C hol (H n ) be the space of holomorphic functions on H n and set H(H n ) = {F ∈ C hol (H n ) | F(Z + α) = F(Z) for every α ∈ S n (R)}.
We define the C-linear map L n,k :
Observing that L n,k (f * ) = Lift n,k (f ) for f ∈ Prm k (SL 2 (Z)), we define the C-linear map lift n,k,d,ε : S Proof. Recall that ε p is either 1 or −1 and ε = p|d (−ε p ) (see [23, §7] ). If we define c ′ , δ p ∈ P by (Γ 0 (d)), and hence the proof of Theorem 9.1 shows that lift n,k,d,ε (f ) / ∈ S κ (Γ n ) for odd n. When n is an even integer, we present the following conjecture. 
